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Being variations of energies, quantum work W, 
heat Q and internal energy variation ΔU cannot 
be associated to an Hermitian operators.

[P. Talkner et al. Phys. Rev. E 75, 050102R (2007)]
[P. Solinas and S. Gaspar&neU Phys. Rev. E 92, 042150 (2015)]

To give a meaningful and opera>onal defini>on, 
we need to include the descrip>on of the 
detector.

Measurement scheme
• Non-destruc>ve system-

detector coupling
• Two couplings to store 

informa>on about the energy 
varia>on

• Measure the detector phase

1 General Results

system evolution

HS(0)

HS(T )

(1)

1

1 General Results

system evolution

HS(0)

HS(T )

(1)

1

System 
detector 
coupling

drive evolution 

t they are referring to

• The final detector phase is associated to a 
characteris>c func>on 

• From the characteris>c func>on we can 
obtain a quasi-probability distribu>on 
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of dynamical evolution [8]. The work is associated to the
changes in the Hamiltonian, while the heat is associated to the
change of the system state when the Hamiltonian is constant.

Since the system Hamiltonian changes only at time t1,
to measure the work we couple the system and the detector
shortly before and after t1 (Fig. 1).

In the present experiment, the (dissipative) dynamics of
the system is given by the operator Udiss = Rz Uz Rx Ux. The
evolution generated by the latter operator can be divided into
two parts, Rx Ux and Rz Uz, where the system Hamiltonian can
be considered constant. Before and after the time t1, when
the Hamiltonian is constant, the change in the system energy
can be associated to the action of the environment and, thus,
interpreted as dissipated heat. Analogously, we follow the
scheme in Fig. 1 to store information about the dissipated
heat in the !x and !z system basis, respectively. Note that
with this coupling scheme, we obtain information about the
heat, i.e., the dissipated energy, supplied to the environment
(see the Supplemental Material [23]). If we are interested in
the variation of the internal energy of the system, we need to
couple the system and the detector at the beginning and at the
end of the evolution only (see Fig. 1).

We would like to stress that the separation between the
unitary and dissipative dynamics, i.e., between the interval in
which the work is done and the heat is dissipated, has the only
purpose of simplifying the discussion and the implementation
on the NISQ device. As discussed in Ref. [9], the approach
also works in more complex situations. The only constraint
is that we must be able to couple the system and the detector
on timescale "t such that "t ! T . Under this condition, in
a single interval, the system Hamiltonian can be considered
constant and the the system dynamics (if present) is associated
to the effect of the environment and to the dissipated heat.

Coming back to the discussed case, the physical observable
measured in the experiments is the phase accumulated in the
detector using the different schemes. For a given system-
detector coupling strength # , it reads [9,21,30]

G# ,F = D"0|$D(T )|1#D

D"0|$0
D|1#D

= TrS,E
!
U# ,F$0

SU†
$# ,F

"
, (2)

where F = "U,W, Q, $(T ), $S (T ) = TrD,E [$(T )], and
$D(T ) = TrS,E [$(T )] are the total, the final system, and the
detector density operators, respectively; U±# ,F represents the
full (system, detector, and environments) evolution (see [9]
and the Supplemental Material [23]).

By changing the system-detector coupling strength # , we
obtain the quasicharacteristic generating function (QCGF)
that is related to quasimoments of the observable F
[9,21,26,30]. In particular, the first derivative of G# ,F with
respect to # gives the average value of F . For example, by
considering F = "U , i.e., the first coupling scheme in Fig. 1,
by direct calculation, it can be shown that dG# ,"U /d# |#=0 =
"HS (T ) $ HS (0)# = "U [9,21,26,30].

The Fourier transform of the QCGF allows us to
obtain a quasiprobability distribution function: P (F ) =#

d#G# ,F ei#F . By using the prefix “quasi,” we stress that the
above quantities are not obtained by direct physical measure-
ments, but derived from the analysis of the detector phase
measurements. Indeed, P (F ) presents negative probability

regions [9,31] that are related to the violation of the Leggett-
Garg inequalities [9,25–28,31] and can therefore be seen as a
signature of the quantum properties of the work.

III. RESULTS

The main results of the experiments on the IBMQ device
are shown in Fig. 2 (see the Supplemental Material [23]
for details about the implementation) for different dissipative
parameters p. When no relaxation is present, i.e., p = 0, no
heat is dissipated and the heat distributions are peaked around
Q = 0. The internal energy and work QPDFs are identical and
show the classical energy peaks at E/% = ±1, 0. However,
there are also quantum energy peaks at E/% = ±1/2 corre-
sponding to the exchange of half of an energy quantum, as
predicted by the theory [9,21,30]. More importantly, in these
regions, the probability density distribution can be negative,
thus signaling a pure quantum effect related to the violation
of the Leggett-Garg inequalities [9,25].

The experimental data and QPDFs are in excellent agree-
ment with the theoretical predictions, which are presented as
blue dots. The red dots represent the expected values obtained
from a numerical simulation of the TMP, where the system
energy is initially projectively measured. Clearly, the QPDFs
not only contain all the information and reproduce the TMP
distributions, but they allow us to determine the presence
of additional quantum interference effects highlighted by the
half-quantum energy exchanges [9,21].

For intermediate values of the system-environment cou-
pling strength (p = 0.5 in Fig. 2), the QPDFs of W and
"U have some notable differences, but the features described
above persist. However, in this case, some heat is being dissi-
pated by the system, as pointed out by the presence of a peak
at energy Q = E/% = 1. Notice that while the internal energy
is bounded between ±1, the dissipated heat is not. Because of
the chosen dynamics, the system can dissipate energy at two
times (formally when we apply Rx and Ry) corresponding to a
maximum energy exchange of two energy quanta.

The strong dissipation case p = 1 has two interesting fea-
tures. First, as expected, the peaks of the heat distribution
are evidently signaling an increased dissipation. Second, the
W and "U distributions are now both positively defined and
no quantum energy exchange at E/% = ±1/2 is present. The
disappearance of the quantum region in the QPDFs signals the
emergence of the classical limit due to the interaction of the
system with an environment.

As a side remark, we note that the Q distribution is always
classical, i.e., positively defined and with no half-quantum
energy exchange. This is a feature we expect from a large
Markovian environment that is always in equilibrium and, in
this sense, a classical environment.

These results and trends are confirmed by the behavior
of the average values shown in Fig. 3 as a function of the
dissipative parameter p. The experimental points (in light
blue) are in good agreement with the expected theoretical
prediction (blue curve). For no or weak dissipation (p = 0
and p = 0.5), these are different from the one predicted by the
TMP (red curve). The difference lies in the initial coherences
and interference effects that are preserved with the present
approach. For strong dissipation (p = 1), the averages
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III. PHYSICAL SYSTEM AND DETECTOR

To have a self-consistent discussion, we briefly recall the
proposal to obtain the QPDF of work, heat, and internal en-
ergy [9,10].

We consider the quantum system described by the Hamil-
tonian HS (t ) coupled with a quantum detector. We denote with
HD =

!
! !|!!"!| and HSD = f (" , t )HS (t ) # HD the detector

and system-detector coupling Hamiltonian, respectively, and
|!! is the eigenstate of the detector Hamiltonian. The function
f (" , t ) determines the times and the strength " of the system-
detector coupling.

The main idea of the approach discussed in Refs. [9,10] is
to couple the system and the detector at certain times to store
the information about the energy in the detector phase.

To clarify this point, we first discuss the way to determine
the variation of internal energy #U . Since #U is a state
function, we need to know only the initial and the final en-
ergy. This is done by coupling the system and the detector
only at the beginning (t = 0) and at the end of the evolu-
tion (t = T) and letting the system evolve “freely” (with no
detector interaction, but under the time-dependent drive) for
0 < t < T. Formally, this corresponds to choosing f (" , t ) =
" [$(T $ t ) $ $(t )], which generates the system-detector evo-
lution [9,10],

U" ,#U = U" ,T US U$" ,0, (4)

where U$" ,0 = exp [$i"HS (0) # HD] and U" ,T =
exp [i"HS (T) # HD]. The phase accumulated in the
detector can be measured and represents the QCGF of
#U denoted by G" ,#U . The derivatives of G" ,#U with
respect to the coupling " are the quasimoments of #U , i.e.,
"#U n! = ($i)ndnG" ,#U /d"n|"=0 [23,24]. In Refs. [9,10], it
was shown that for a closed system, this procedure can be
used to obtain the average value expected from Eq. (2).

To measure the statistics of the dissipated heat and work,
we use the same ideas with a slightly more complex imple-
mentation. In fact, the heat and work are not state functions
and depend on the path swept by the system during the evolu-
tion. This implies that we must repeatedly measure the system
during the evolution to keep track of the dissipated heat.

With simple arguments, it can be shown that the work
done on the quantum system is associated with the variation
of HS (t ) in time, while the dissipated heat is associated with
the change of the density matrix due to dissipative dynamics
[8]. Since work and heat are associated to different physical
processes, we exploit this fact by separating in time the two
processes in order to be able to distinguish them.

We discretize the evolution in N + 1 steps such that ts =
s#t and #t % T (with s integer and 0 ! s ! N). Since the
system Hamiltonian changes over time T, under this condi-
tion, in every time interval, the system Hamiltonian can be
considered constant. From the energetic point of view, no
work is done on the system and only the dissipative dynam-
ics takes place. Therefore, all the variation in energy of the
system in this time interval can be interpreted as dissipated
heat due to the interaction with the environment. Assuming
that the system-detector coupling time is much smaller than
#t , the information about this energy change can be stored in
the detector with the same coupling scheme of Eq. (4).

More specifically, for any #t , the total Hamiltonian at
time ts is Hs = Hs

S + HSE + HE with Us = e$i#tHs
. For small

enough #t , we can write Us & e$i#tHSE e$i#tHE e$i#tHs
S . In the

Born approximation, we assume that the environment is large
enough, i.e., with so many degrees of freedom, that it is not
affected by the interaction with the system. This corresponds
to assuming that the environment has no internal dynamics
and the exp($i#tHE ) term in Us has no effect.

Within each small time interval #t , the Hamiltonian Hs
S

can be considered constant. At the beginning and at the end of
each interval, we instantaneously couple the system and the
detector, i.e., on a timescale over which the system does not
evolve. In analogy with (4) and since [Hs

S , Hs
S # HD] = 0, the

evolution operator for each interval reads

Us
"/2 = e$i "

2 Hs
S#HD e$i#tHSE ei "

2 Hs
S#HD e$i#tHs

S . (5)

Notice that the unitary dynamics and the dissipative dynamics
are factorized and, with this scheme, we are able to measure
the energy variation of the system due to the dissipation, i.e.,
the heat.

Each Us
" is defined so that we keep track of the heat Qs

dissipated in the time interval (s $ 1)#t ! t ! s#t . Because
of the form of the system-detector coupling Hamiltonian,
the information on the dissipated heat along the evolution is
stored in the phase accumulated between eigenstates |!! of the
detector Hamiltonian.

Notice the sign in the exponents that takes into account the
fact that an emission (absorption) by the environment, i.e., de-
creasing (increasing) of the environment energy, corresponds
to an absorption (emission) process of the system, i.e., increas-
ing (decreasing) of the system energy (see Appendix A).

In order to account for the work done, we must use another
scheme and add another system-detector coupling at the be-
ginning and end of the evolution [9]. Putting things together,
the total evolution operator reads

U"/2 = ei "
2 HN

S #HD%N
s=0U

s
"/2e$i "

2 H0
S #&z . (6)

In the case of unitary evolution, Hs = Hs
S and we immediately

recover the closed-system result for the variation of the inter-
nal energy.

IV. QUASICHARACTERISTIC GENERATING FUNCTIONS
AND QUASIPROBABILITY DISTRIBUTIONS IN OPEN

QUANTUM SYSTEM

As discussed above, the physical observable in the present
approach is the detector phase. To obtain this, we must cal-
culate the system-environment dynamics, trace out the system
degrees of freedom, and extract the phase accumulated in the
detector states. This is associated with the quasicharacteristic
generating function G" ,F = "!|'D(t )|$!!/"!|'0

D|$!! and its
Fourier transform gives us the quasiprobability distribution
function P(F) =

"
d"G" ,Fei"F [9,10].

We use the prefix “quasi” to stress that both G" ,F and
P(F) are not obtained by an experimental measurement but
are obtained by the measured phases. Their interest lies in the
fact that they allow us to obtain the desired average values of
the observables (2) and, at the same time, preserve the full
quantum features of the process.
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• As for the Wigner distribu>on, nega>ve 
regions are associated to pure quantum 
processes, i.e., non-classical.

Quasiprobability 
distributions 
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FIG. 2. The quasiprobability distribution functions for the variation of internal energy, work, and dissipated heat (y axis) with respect to
the energy (x axis), normalized to the energy gap of the system, E/!. The parameter p represents the strength of the dissipation from p = 0 (no
dissipation) to p = 1 (full relaxation process). The blue dots represent the theoretical predictions of the discussed detection scheme. The red
triangles represent the theoretical predictions of the two-measurement process. The quasiprobability distribution functions have been rescaled
to plot them with the probability distribution obtained with the TMP (see the Supplemental Material [23]). In the experiments, we set " = 0.7,
# = 1.2 for the initial state and $ = 1 and % = 0.5 for the system dynamics.

obtained with different approaches coincide. Since the main
effects of a strong dissipation are to destroy the quantum
coherences and make the evolution classical, this is another

FIG. 3. The average values of the variation of internal energy,
work, and dissipated heat normalized to ! as a function of the dissi-
pative parameter p. The blue dots represent the experimental data
with the corresponding error bars (see the Supplemental Material
[23] for details). The dashed blue curve is the theoretical prediction
of the discussed approach. The red solid curve is the prediction of the
TMP obtained by simulations with the IBMQ computers. The error
in these simulations is within the curve thickness. As can be seen, for
strong dissipation, the three curves converge, demonstrating that the
quantum features are destroyed and the classical limit is reached.

manifestation of the emergence of the classical limit that
coincides with the TMP results.

All the averages satisfy the energy conservation law
!&U " + !Q" # !W " = 0. In particular, we find from the ex-
perimental data that the energy conservation law is satisfied
within the experimental error (see the Supplemental Material
[23]).

IV. CONCLUSIONS

The present approach has several advantages with respect
to the one presented in Refs. [4,32]. First, it allows us to
obtain the dissipated heat by acting on the system degrees
of freedom. This is an important difference with respect to
the theoretical proposal to measure the variation of the energy
of the environment, which is practically unrealizable since it
would require an insurmountable number of measurements.
Other viable schemes have been designed in order to measure
the dissipated energy quanta [12–16]. However, these can be
used only in specific physical systems, while our scheme is
system independent and, thus, can be used with any quantum
system.

More importantly, the information about the classical TMP
distributions is included in the more general QPDFs that,
at the same time, contains much more valuable information
about the quantumness of the process. In Wigner’s spirit [24],
these can be seen as quantum correction to an underlying
classical process. The Wigner function has become an in-
valuable tool to understand quantum phenomena [33,34].

L060202-4

Fast Environment decay

Nega>ve peaks -
Pure quantum 
process

No nega>ve peaks in the fast 
dissipa>on region: emergence 
of classical limit

The heat 
distribu>on has not 
quantum regime

This scheme can be used to
• Iden>fy pure quantum energy exchanges
• Look for quantum advantages in these processes

[P. Solinas et al., Phys. Rev. A 103, L060202 (2021)]
[P. Solinas et al., Phys. Rev. A 105, 032606 (2022)]

References:

Implementation in the IBM Quantum 
computers 

The dissipa>on is simulated with two 
addi>onal qubits E1 and E2

P. SOLINAS, M. AMICO, AND N. ZANGHÌ PHYSICAL REVIEW A 103, L060202 (2021)

analogy with the Wigner function [24], the negative regions
of the derived QPDF are associated to the violation of the
Leggett-Garg inequalities and are the signature of a pure
quantum phenomenon [21,25–28]. The disappearance of these
regions in the presence of strong dissipation can be seen as a
proof of the emergence of the classical limit in energy ex-
change processes induced by the presence of an environment.

II. SYSTEM AND DYNAMICS DESCRIPTION

We start by considering a two-level system (denoted by S)
that evolves under unitary evolution US = UzUx, with Uz =
exp (!i!"z ) and Ux = exp (!i#"x ) where "i (i = x, y, z) are
the usual Pauli operators. The system is initially in the state
|$0" = cos %

2 |0"S + sin %
2 ei& |1"S , where |0"S and |1"S are the

eigenstates of "z.
This evolution is generated by the time-dependent Hamil-

tonian HS = '"x/2 for 0 ! t < t1 and HS = '"z/2 for t1 <
t ! T with appropriate t1 and T . The fact that the Hamilto-
nian changes in time assures that the external field does work
on the system [8].

The detector is represented by an additional two-level sys-
tem (denoted by D). Its Hamiltonian is HD = ()z/2 (where
the operators )i with i = x, y, z are the Pauli operators acting
on the detector) and it is time independent. The detector is
initialized in an equal superposition of eigenstates of HD, i.e.,
(|0"D + |1"D)/

#
2.

The coupling Hamiltonian HSD = f (* , t )HS (t ) $ HD al-
lows us to store information about the system energy into
the accumulated phase of the detector [9,21]. The function
f (* , t ) in HSD determines the time at which the system-
detector coupling is active and its coupling strength * . If the
system-detector coupling occurs on timescales much smaller
than all of the other timescales, we can assume that f (* , ti ) =
*/' +(t ! ti ), which generates the transformation U* ,ti =
exp{i *

'
HS (ti) $ HD}. In particular, in relation the system dy-

namics described above, we have U±* ,x = exp{±i *
'

"x $ HD}
and U±* ,z = exp{±i *

'
"z $ HD}.

We model the dissipation as an amplitude-damping chan-
nel [3,29] in which the environment induces relaxation from
the excited to the ground state with probability p (see the
Supplemental Material [23]). The parameter p determines the
strength of the dissipation process and it ranges from p = 0,
i.e., no dissipation, to p = 1, i.e., complete relaxation to the
ground state.

If the relaxation occurs in the {|0" , |1"}, i.e., the "z, basis,
this corresponds to the transformation

|00" % |00" ,

|10" %
!

1 ! p |10" + #
p |01" , (1)

where the first and the second qubits represent the system
and the environment, respectively. Physically, this describes
the emission of an energy quantum from the system, i.e., the
relaxation, and the corresponding absorption from the envi-
ronment. We assume that the environment is at temperature
T and that kBT & ' (where kB is the Boltzmann constant)
so that the processes in which the system is excited by the
interaction with the environment are exponentially suppressed
and are neglected in Eq. (1). The logical operator that mimics

FIG. 1. Three schemes for the detection of the variation of inter-
nal energy ,U , work W , and dissipated heat Q. The letters S, D, E1,
and E2 denote the system, the detector, and the environment qubits
1 and 2, respectively. The unitary dynamics are represented with red
and light-blue filled squares corresponding to Ux and Uz, respectively.
The dissipative gates are represented with circles connecting the S
qubit with the E1 and E2 qubits. They correspond to Rx (dark red)
and Rz (dark blue). The system-detector coupling operations are
represented with rectangles spanning the S-D qubit space. They are
U!* ,x and U* ,x (see main text for the definition) represented with
dashed red lines from up-left to down-right and up-right to down-left,
respectively. The operators U!* ,z and U* ,z (see main text for the
definition) are represented with dashed blue lines from up-left to
down-right and up-right to down-left, respectively. To simplify the
presentation, the gates needed to initialize the system and the detector
are not shown (see the Supplemental Material [23] for details).

the transformation (1) is denoted as Rz (see Fig. 1 and the
Supplemental Material [23]). When the relaxation occurs in
the "x basis, i.e., during the first part of the evolution, the
transformation is analogous to (1) and is implemented with
a similar operator denoted by the Rx operator (see the Supple-
mental Material [23]).

To realize the effect of this engineered environment with
the Rx and Rz operators (see Fig. 1), we need two additional
two-level systems. On a noisy intermediate-scale quantum
(NISQ) device, this translates into two additional qubits (see
the Supplemental Material [23]).

In addition, we assume that the unitary evolution occurs
on shorter timescales with respect to the relaxation timescale.
Hence, we can imagine the system evolution as a sequence of
unitary dynamics followed by relaxation.

The building block of the measurement schemes is the op-
erator sequence U* ,ti U U!* ,t j , where U is a unitary operator
acting on the system. As discussed in Ref. [9], this allows us
to have information about the system energy changes in the
time interval ti ! t j . Here, it is of fundamental importance
to note that work and heat are associated to different kinds
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