
Violations of Thermodynamic and Kinetic Uncertainty Relations versus
Entanglement - Different Manifestations of Coherence
Kacper Prech1, Philip Johansson, Claudio Verdozzi2, Elias Nyholm2, Meeri Mölsä2, Gabriel T. Landi3, Peter Samuelsson2, and
Patrick P. Potts1
1Department of Physics, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
2Physics Department and NanoLund, Lund University, Box 118, 22100 Lund, Sweden
3Instituto de Física da Universidade de S̃ao Paulo, 05314-970 S̃ao Paulo, Brazil

1 Motivation
• Coherence is a genuine quantum effect with different manifes-

tations;
• Entanglement is a ’static’ manifestation of quantum coherence

(i.e., only depends on state);
• Violations of the Thermodynamic Uncertainty Relation (TUR)

[1] and the Kinetic Uncertainty Relation (KUR) in quantum
systems are ’dynamical’ manifestations of coherence (⟨⟨I2⟩⟩ is
obtained from correlation functions);

• TUR for classical stochastic systems with Markovian dynamics
[2]:

QT := 2⟨⟨I⟩⟩2

⟨⟨I2⟩⟩⟨σ⟩ ≤ 1; (1)

• Dynamical activity ⟨A⟩ and KUR [3]:

QK := ⟨⟨I⟩⟩2

⟨⟨I2⟩⟩⟨A⟩ ≤ 1; (2)

• Goal: to investigate the interplay between coherence, TUR Vi-
olation, KUR Violation, and production of Entanglement.

2 System and methods

ĤS = ϵLĉ†
LĉL + ϵRĉ†

RĉR + g(ĉ†
LĉR + ĉ†

RĉL) + Uĉ†
LĉLĉ†

RĉR (3)

• Fermi distribution nℓ(ω) = 1
exp

(
ω−µℓ

Tℓ

)
+1

;

• Passing current can generate entanglement [4] between Left
and Right quantum dot: |0⟩ → empty, |1⟩ → occupied;

Methods:
• Semi-local Lindblad master equation[5]:

dρ

dt
= −i[ĤS , ρ̂] + LLρ + LRρ (4)

Lℓ = γℓ{nℓ(ϵℓ)D[[1 − ĉ†
ℓ̄
ĉℓ̄]ĉ†

ℓ ] + nl(ϵℓ + U)D[ĉ†
ℓ̄
ĉℓ̄ĉ†

ℓ ]

+ [1 − nℓ(ϵℓ)]D[[1 − ĉ†
ℓ̄
ĉℓ̄]ĉℓ] + [1 − nℓ(ϵℓ + U)]D[ĉ†

ℓ̄
ĉℓ̄ĉℓ]};

(5)

• Global master equation;
• Non-equilibrium Green’s Functions (NEGFs);
• Classical jumping rate equation: d

dt
pi =

∑
j

Wijpj ;
Quantifiers:

• Entropy production rate ⟨σ⟩ = −⟨Q̇L⟩/TL − ⟨Q̇R⟩/TR;
• Coherence: |⟨10|ρ|01⟩|;
• Dynamical Activity ⟨A⟩ =

∑
i,j|i̸=j

Wijρj .

3 Results

• Coherence exhibits a peak at g ≃ γ;
• Agreement of master equations and NEGFs;
• We observe a cross-over along voltage eV = |µL − µR| from

TUR Violation to Entanglement and KUR violation;
• Heat dissipation (eV ) fuels coherence and entropy production;
• When U = 0, maximal concurrence is Cmax =

√
5−1
4 ≈ 0.31;

• Coulomb interactions enhance Cmax =
√

2/2 ≈ 0.71 for
U/T → ∞ and eV/T → ∞;

• We find quantum nonlocality → CHSHmax ≈ 2.44.

4 Conclusion
• Quantum coherence is relevant in the dynamics at low inter-

system couplings g ≃ γ;
• This results in TUR and KUR violations (dynamical manifesta-

tions), as well as entanglement (static manifestation);
• Inter-dot interactions increase coherence resulting in non-local

states.
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