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Detailed balance at thermal equilibrium: a 
common assumption
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𝑝𝑝k state population

𝑎𝑎𝑗𝑗k transition rate
from k to j

Detailed balance:

Besides heat currents, forces are acting between the 
objects. What do we know regarding work extraction?

What is the entropy production of 
a non-reciprocal system at thermal equilibrium?

Could non-reciprocal systems reach thermal equilibrium?
Yes: [2],[3],[4]; No:[5],[6],[7],[8]
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Heat currents at  
equilibrium[1]

Non-reciprocal systems break detail balance at thermal 
equilibrium

What happens if it does not hold? Open thermodynamic questions

Lindblad equation for non-reciprocal systems [9]
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Non-reciprocal  toy model 

Do non-reciprocal systems fulfill Earnshaw’s theorem?

Non-reciprocal systems
reach thermal equilibrium!

ℒ𝜌𝜌𝑠𝑠𝑠𝑠=0 𝜌𝜌𝑠𝑠𝑠𝑠 = 𝑍𝑍𝑠𝑠−1𝑒𝑒−𝛽𝛽𝐻𝐻𝑠𝑠

The steady-state of the Lindblad equation is
a thermal state even for broken detailed 

balance!

The physics behind breaking detailed balance

𝐼𝐼 𝑘𝑘, 𝑙𝑙 =
∫ 𝑑𝑑2𝑝𝑝∫ 𝑑𝑑2𝑝𝑝′𝑍𝑍−1𝑒𝑒−𝛽𝛽𝐸𝐸𝑝𝑝𝛿𝛿 𝐸𝐸𝑝𝑝′ + 𝜖𝜖𝑗𝑗 − 𝐸𝐸𝑝𝑝 − 𝜖𝜖𝑙𝑙 |⟨𝑘𝑘, 𝑝𝑝𝑝 𝑇𝑇|𝑝𝑝, 𝑙𝑙⟩ 2

∫ 𝑑𝑑2𝑝𝑝∫ 𝑑𝑑2𝑝𝑝′𝑍𝑍−1𝑒𝑒−𝛽𝛽𝐸𝐸𝑝𝑝𝛿𝛿 𝐸𝐸𝑝𝑝′ + 𝜖𝜖𝑗𝑗 − 𝐸𝐸𝑝𝑝 − 𝜖𝜖𝑙𝑙 |⟨𝑙𝑙, 𝑝𝑝 𝑇𝑇|𝑝𝑝𝑝, 𝑘𝑘⟩ 2

𝑎𝑎𝑗𝑗𝑙𝑙𝑒𝑒−𝛽𝛽𝜖𝜖𝑙𝑙 = 𝑎𝑎𝑙𝑙𝑗𝑗𝑒𝑒−𝛽𝛽𝜖𝜖𝑘𝑘𝐼𝐼(𝑘𝑘, 𝑙𝑙)𝐼𝐼 𝑘𝑘, 𝑙𝑙 = 1 Detailed balance

Each of the following conditions will  imply  detailed balance:

1) Time-reversal symmetry:    𝐸𝐸𝑝𝑝 = 𝐸𝐸−𝑝𝑝, |𝑘𝑘⟩ symmetric  and  
|⟨𝑘𝑘, 𝑝𝑝𝑝 𝑇𝑇|𝑝𝑝, 𝑙𝑙⟩ 2= |⟨𝑙𝑙,−𝑝𝑝 𝑇𝑇 −𝑝𝑝′,𝑘𝑘 2

2) Hermiticity: ⟨𝑘𝑘, 𝑝𝑝𝑝| 𝑇𝑇|𝑝𝑝, 𝑙𝑙⟩= 𝑙𝑙, 𝑝𝑝 𝑇𝑇 𝑝𝑝′,𝑘𝑘 ∗

Beyond weak coupling: detailed balance at equilibrium 
breaks down

Microreversibility breaks at first order on 𝐻𝐻𝑖𝑖𝑖𝑖𝑖𝑖 : |⟨0, 𝑝𝑝𝑝 𝑇𝑇|𝑝𝑝, +⟩ 2 ≠ |⟨+,−𝑝𝑝 𝑇𝑇 −𝑝𝑝′, 0 2

Hermiticity breaks at second order on 𝐻𝐻𝑖𝑖𝑖𝑖𝑖𝑖 : ⟨0,𝑝𝑝𝑝| 𝑇𝑇|𝑝𝑝, +⟩= +, 𝑝𝑝 𝑇𝑇 𝑝𝑝′, 0 ∗

𝑎𝑎0+𝑒𝑒−𝛽𝛽𝐸𝐸+ ≠ 𝑎𝑎+0𝑒𝑒−𝛽𝛽𝐸𝐸0 This system breaks detailed balance!

𝑇𝑇𝜔𝜔=𝜖𝜖𝑖𝑖−𝜖𝜖𝑗𝑗 𝑝𝑝
′, 𝑝𝑝 = ⟨𝑖𝑖, 𝑝𝑝′|𝐻𝐻𝑖𝑖𝑖𝑖𝑖𝑖 𝑝𝑝, 𝑗𝑗 + 𝑂𝑂(𝐻𝐻𝑖𝑖𝑖𝑖𝑖𝑖2 )

Weak coupling

𝐹𝐹1 = −∇𝑂𝑂1𝑓𝑓

If all the bodies and their surroundings are at the same 
temperatures, one can show that the force on object one 

(or any other)  can  be written as:

The force is conservative forbidding cyclic work extraction [10]

Cyclic work extraction possible outside equilibrium [11]

Equilibrium Casimir forces are conservative

𝑓𝑓 plays the role of a potential or free energy
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Conclusions
Non-reciprocal systems break detailed balance at thermal equilibrium. These allow them to sustain steady heat currents even at equilibrium. We developed a Lindblad equation
appropriate for studying these systems and clarifying several of their thermodynamic properties. While non-reciprocal systems can sustain persistent Heat currents, they can reach
thermal equilibrium and the forces they produce at thermal equilibrium Are conservative. In contrast, for non-equilibrium situations, non-reciprocal systems can be used to build a
Casimir force heat engine.

MOTIVATION

LINDBLAD EQUATION, THERMODYNAMICS AND PHYSICAL MECHANISMS

CASIMIR FORCES AND WORK EXTRACTION
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For reciprocal systems, the  non-positivity of the Laplacian is used to prove Earnshaw’s theorem.
This can no longer be used for non-reciprocal systems

Saddle points Positive Laplacian
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